Seifert fibered surgery and Rasmussen invariant by Ichihara, Kazuhiro & Jong, In Dae
ar
X
iv
:1
10
2.
11
17
v2
  [
ma
th.
GT
]  
9 J
ul 
20
12
SEIFERT FIBERED SURGERY AND RASMUSSEN INVARIANT
KAZUHIRO ICHIHARA AND IN DAE JONG
In honour of J. Hyam Rubinstein
Abstract. We give a new criterion for a given knot to be a Montesinos knot
by using the Rasmussen invariant and the signature. We apply the criterion
to study Seifert fibered surgery on a strongly invertible knot, and show that a
(p, q, q)-pretzel knot with integers p, q ≥ 2 admits no Seifert fibered surgery.
1. Introduction
The well-known Hyperbolic Dehn Surgery Theorem [42, Theorem 5.8.2] says
that all but finitely many Dehn surgeries on a hyperbolic knot yield hyperbolic
manifolds. Here a knot is called hyperbolic if its complement admits a complete
hyperbolic structure of finite volume. Thereby a Dehn surgery on a hyperbolic
knot yielding a non-hyperbolic manifold is called exceptional. In view of this, it
is an interesting and challenging problem to determine and classify all exceptional
surgeries on hyperbolic knots in the 3-sphere S3.
Note that exceptional surgeries can be classified into the following three types;
a Seifert fibered surgery, a toroidal surgery, a reducible surgery. Here a Dehn
surgery is called Seifert fibered / toroidal / reducible if it yields a Seifert fibered /
toroidal / reducible manifold respectively. This classification has been achieved as
a consequence of the affirmative solution to the Geometrization Conjecture. Here
we note that currently less is known about a Seifert fibered surgery compared with
reducible or toroidal surgeries. See [7] for a survey.
In this paper, we give a sufficient condition for a strongly invertible knot in
S3 to admit no Seifert fibered surgery (Proposition 2.1). To use this sufficient
condition, we need to detect whether a given knot is a Montesinos knot or not.
For this problem, we give a new criterion for a knot to be a Montesinos knot
(Criterion 2.6), which is based on estimations of two concordance invariants, that
is, the signature and the Rasmussen invariant. This criterion is obtained from the
fact that any Montesinos knot is close to some alternating knot in the sense of the
Gordian distance. This would be interesting independently.
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As an application, we study Seifert fibered surgeries on pretzel knots. A pretzel
knot of type (a1, a2, . . . , al), denoted by P (a1, a2, . . . , al), is defined as a knot admit-
ting a diagram obtained by putting rational tangles of the form 1/a1, 1/a2, . . . , 1/al
together in a circle. For basic terminologies in knot theory, we refer the reader to
[22], [40].
Among all knots in S3, exceptional surgeries on pretzel knots have been studied
extensively. (We summarize such results later.) One of the motivations to study
Dehn surgeries on pretzel knots is that many interesting examples about exceptional
surgeries have been found among pretzel knots. For example, the first known
examples of Dehn surgeries on hyperbolic knots yielding lens spaces are those on
P (−2, 3, 7) [12], and the first example of a Seifert fibered surgery on a non-strongly
invertible knot is that on P (−3, 3, 5) [41].
On the other hand, we have the following.
Theorem 1.1. A pretzel knot P (p, q, q) with integers p, q ≥ 2 admits no Seifert
fibered surgery.
Note that the integer q must be odd otherwise P (p, q, q) is not a knot but a link.
Remark 1.1. A pretzel knot P (p, q, q) with integers p, q ≥ 2 is known to be hyper-
bolic. Actually it is already known which pretzel knots are non-hyperbolic. Let Ta,b
denote the torus knot of type (a, b), that is, the knot isotopic to the (a, b)-curve on
the standardly embedded torus in S3. If the length l of a pretzel knot is less than
three, then it actually is a trivial knot or T2,x, which is non-hyperbolic. Otherwise,
non-trivial non-hyperbolic pretzel knots are just P (−2, 3, 3) and P (−2, 3, 5), which
are actually T3,4 and T3,5 respectively. This fact was shown by Kawauchi [23]. Oer-
tel [37, Corollary 5] independently showed the fact together with the result in the
unpublished monograph by Bonahon and Siebenmann [5, 6].
In the following, as a background, we collect known facts on exceptional surgeries
on pretzel knots. Most of the following results concern a large class of knots, called
Montesinos knots. However, for simplicity, we only deal with pretzel knots. See the
original references for the precise statements.
If the length l of a pretzel knot is less than three, then it is non-hyperbolic as
noted in Remark 1.1. On the other hand, it was shown by Wu [43] that a pretzel
knot P (a1, . . . , al) with |ai| ≥ 2 and l ≥ 4 admits no exceptional surgery. Also Wu
showed that a hyperbolic pretzel knot admits no reducible surgery [43], and gave a
complete classification of toroidal surgeries on pretzel knots [44]. The authors also
showed that there is no toroidal Seifert fibered surgery on pretzel knots other than
the trefoil knot [19]. Among atoroidal Seifert fibered surgeries on pretzel knots,
Dehn surgeries yielding 3-manifolds with cyclic or finite fundamental groups were
completely classified by the authors [18] and Futer, Ishikawa, Kabaya, Mattman,
and Shimokawa [10] independently.
Recently, Wu [45, 46] studied atoroidal Seifert fibered surgeries in detail. In
particular, he showed that if a hyperbolic pretzel knot that is not equivalent to
a two-bridge knot admits an atoroidal Seifert fibered surgery, then it is equiv-
alent to P (q1, q2, q3, n) with n = 0,−1 and, up to relabeling, (|q1|, |q2|, |q3|) =
(2, |q2|, |q3|), (3, 3, |q3|), or (3, 4, 5) [46, Theorem 7.2]. Our theorem given in this
paper shows that, among the families left open by Wu, P (2, q, q) and P (3, 3, n)
with q ≥ 3, n ≥ 3 have no Seifert fibered surgeries. This is one of the motivations
for focusing on the family P (p, q, q) with p, q ≥ 2. Furthermore the authors and
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Kabaya [21] gave a complete classification of exceptional surgeries on (−2, q, q)-
pretzel knots with q ≥ 3, in particular, it was shown that a (−2, p, p)-pretzel knot
with q ≥ 3 admits no Seifert fibered surgery.
Consequently we see that if a hyperbolic pretzel knot admits an atoroidal Seifert
fibered surgery, then it is equivalent to
(i) P (±2, a, b) with a 6= b,
(ii) P (3, 3, c) with c ≤ −3,
(iii) P (3, 3, d,−1) with d ≥ 3,
(iv) P (3,−3,±e) with e ≥ 4, or
(v) P (3,±4,±5), P (3,±4,∓5), P (3, 4, 5,−1).
We here include some comments for the next step of our studies. Our methods
presented in this paper may be applied to knots different from P (p, q, q). One of
the candidates would be a kind of double-torus knots. A key point to apply our
techniques is that the knot can admit a particular kind of symmetry of period
2. (A typical example of such a symmetry is depicted in Figure 5 for P (p, q, q).)
Unfortunately it seems that the pretzel knots listed above do not have such a
symmetry, and so, there is little chance that our techniques would work for the
knots.
2. Criteria
In this section, we introduce a sufficient condition for a strongly invertible knot
to admit no Seifert fibered surgery. We also give a criterion for a knot to be a
Montesinos knot.
First we set up definitions and notations. Let K be a knot in S3, and let
r be a rational number. Suppose that r corresponds to a slope γ (i.e., an isotopy
class of non-trivial simple closed curves) by the well-known correspondence between
Q∪{1/0} and the slopes on the boundary torus ∂E(K), which is given by using the
standard meridian-longitude system for K. Then, the Dehn surgery on K along r
is defined as the following operation. Take the exterior E(K) of the knot K (i.e.,
remove an open tubular neighborhood of K), and glue a solid torus V to E(K) so
that a simple closed curve representing γ bounds a meridian disk in V . We call such
a Dehn surgery the r-surgery on K for brevity, and denote the obtained manifold
by K(r).
2.1. Criterion for a strongly invertible knot to admit no Seifert fibered
surgery. Let K be a strongly invertible knot, and let r be a rational number.
Here a knot K is said to be strongly invertible if there is an orientation preserving
involution of S3 which induces an involution of K with two fixed points. Applying
the Montesinos trick [27], we obtain a link Lr in S
3 such that the double branched
covering space of S3 branched along Lr, denoted by M2(Lr), is homeomorphic
to K(r). Actually, Lr is either a knot or a two-component link. Suppose that
K(r) ∼= M2(Lr) is a Seifert fibered manifold with the base orbifold S2. If K is
non-trivial and not equivalent to the trefoil knot, then one can take the covering
involution ι : M2(Lr) → M2(Lr) with M2(Lr)/ι ∼= S3 as fiber preserving (see [30,
Lemma 3.1]). Let pi : K(r)→ S2 be a Seifert fibration, ι the involution preserving
the Seifert fibration, and ιˆ : S2 → S2 the homeomorphism induced from ι satisfying
pi ◦ ι = ιˆ ◦ pi. Let Fix(ι) denote the set of fixed points of ι. If each component of
Fix(ι) is a fiber in K(r), then K(r) \ Fix(ι) admits a Seifert fibration. Since ι
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preserves the Seifert fibration of K(r), the exterior of Lr also admits a Seifert
fibration, namely, Lr is a Seifert link. If a component of Fix(ι) is not a fiber of
K(r), then ιˆ is orientation reversing (see [30, Lemma 3.2 (1)]) and ι reverses an
orientation of each fiber in K(r). In this case, every cone point is lying on the circle
Cι = pi(Fix(ι)) [30, Lemma 7.2] and ιˆ is a reflection on S
2 along Cι. Thus, Lr is
equivalent to a Montesinos link. For more details, we refer the reader to [26] and
[30]. Consequently, we obtain the following.
Proposition 2.1. Let K be a strongly invertible hyperbolic knot and let r be a
rational number. Let Lr be a link obtained by applying the Montesinos trick to
K(r). If Lr is equivalent to neither a Seifert link nor a Montesinos link, then K(r)
is not a Seifert fibered manifold with the base orbifold S2.
To use Proposition 2.1 we need to show that the link Lr is neither a Seifert link
nor a Montesinos link. We consider this problem in the following.
2.2. Seifert link. Seifert links are well-understood and completely classified. Here
we review a classification of Seifert links consisting of at most two components.
Lemma 2.2 ([8], see also [11, Proposition 7.3]). Let L be a Seifert link in S3 which
consists of at most two components. Then L is equivalent to one of the following:
(S1) A torus knot.
(S2) A two-component torus link.
(S3) A two-component link which consists of a torus knot and a core curve of
the torus.
Here we give a lemma to detect whether a given knot is a torus knot, which will
be used in Section 3. For a knot K, we denote by det(K) the determinant of K and
by ∆K(t) the Alexander polynomial of K. Note that det(K) = |∆K(−1)|. Then
we have the following.
Lemma 2.3. Let x be a positive odd integer. Then we have det(T4,x) = x.
Proof. Set fa,b(t) = (t
ab − 1)(t − 1) and ga,b(t) = (ta − 1)(tb − 1). The Alexander
polynomial of a torus knot Ta,b is given by ∆Ta,b(t) = fa,b(t)/ga,b(t). See [22] or
[40] for example. For a positive odd integer x, we see that
f4,x(−1) = ((−1)
4x − 1)((−1)− 1) = 0,
g4,x(−1) = ((−1)
4 − 1)((−1)x − 1) = 0,
d
dt
f4,x(t)
∣∣∣∣
t=−1
=
(
4xt4x−1(t− 1) + (t4x − 1)
)
|t=−1
=
(
4x(−1)4x−1(−1− 1) + ((−1)4x − 1)
)
= 8x,
and
d
dt
g4,x(t)
∣∣∣∣
t=−1
=
(
xtx−1(t4 − 1) + 4t3(tx − 1)
)
|t=−1
=
(
x(−1)x−1((−1)4 − 1) + 4(−1)3((−1)x − 1)
)
= 8.
Then, by L’Hoˆpital’s rule, we have det(T4,x) = 8x/8 = x. 
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2.3. Criterion for a knot to be a Montesinos knot. In general, it is difficult to
detect whether a given diagram represents a Montesinos knot. Here we give a new
criterion to this problem, which is obtained by considering the alternation number
of a knot. For two links L and L′, the Gordian distance dx(L,L′) between L and
L′ is defined to be the minimal number of the crossing changes needed to deform L
into L′. For details and studies on the Gordian distance we refer the reader to [3],
[15], [20], [35, 36], [38]. Let A be the set of all alternating links containing trivial
ones. The alternation number of a link L [24], denoted by alt(L), is defined by
alt(L) = min
L′∈A
dx(L,L′).
In other words, the alternation number of L is the minimal number of crossing
changes needed to deform L into an alternating link. Note that if L is alternating,
then alt(L) = 0.
For a knot K, we denote by σ(K) the signature of K and by s(K) the Ras-
mussen invariant of K, which are introduced by Murasugi [32] and Rasmussen [39]
respectively. We fix the sign convention of them so that
s(right-handed trefoil knot) = 2 and σ(right-handed trefoil knot) = −2.
It is known that these two invariants have similar properties, in particular, σ(K)
and s(K) are even integers for any knot K. In addition, it is known that how a
crossing change affects on σ(K) and s(K) as follows. Let K+ and K− be knots
with diagrams D+ and D− which differ only in a small neighborhood as shown in
Figure 1. Then we have the following.
Lemma 2.4 (see for example [33, Theorem 6.4.7]). σ(K+) ≤ σ(K−) ≤ σ(K+)+ 2.
Lemma 2.5 ([39, Corollary 4.3]). s(K−) ≤ s(K+) ≤ s(K−) + 2.
Figure 1.
Then we have the following.
Criterion 2.6. For a knot K, if |s(K) + σ(K)| ≥ 4, then K is not equivalent to a
Montesinos knot.
Proof. For a knot K, we have |s(K)+σ(K)|/2 ≤ alt(K) [1, Corollary 1.3]. Here we
note that if K is alternating, then we have s(K)+σ(K) = 0 [39, Theorem 3]. It was
shown by Abe, Kishimoto, and the second author that the alternation number of a
Montesinos link is zero or one [2, Proposition A.5]. This completes the proof. 
2.4. Lemmas to estimate the Rasmussen invariant and the signature. To
use Criterion 2.6, we need to calculate or estimate the Rasmussen invariant and the
signature of a knot. First we give a lemma to estimate the Rasmussen invariant.
For a knot K, we denote by g(K) the genus (i.e. the minimal genus of Seifert
surfaces for K) and by g∗(K) the slice genus (i.e. the minimal genus of a smoothly
embedded orientable surface in the 4-ball, whose boundary is K). For a diagram
D, we denote by c(D) the number of crossings of D, by O(D) the number of Seifert
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circles of D, and by w(D) the writhe of D, that is, the number of positive crossings
of D minus the number of negative crossings of D. A diagram D is called positive
(resp. negative) if all crossings of D are positive (resp. negative), and a knot is
called positive if it admits a positive diagram.
Lemma 2.7. Let K and K ′ be positive knots with positive diagrams D and D′
which differ only in a small neighborhood as shown in Figure 2. Then we have
s(K)− s(K ′) = 8.
Proof. Let K and K ′ be positive knots with positive diagrams D and D′ which
differ only in a small neighborhood as shown in Figure 2. Then we have c(D) =
c(D′) + 8 and O(D) = O(D′). For a positive knot K with a positive diagram
D, we have s(K) = 2g∗(K) = 2g(K) [39, Theorem 4]. Furthermore we have
2g(K) = c(D)−O(D) + 1 since a Seifert surface obtained from a positive diagram
by applying Seifert’s algorithm is minimal genus [9, Corollary 4.1]. Thus we have
s(K) = c(D) − O(D) + 1 and s(K ′) = (c(D′) + 8) + O(D) + 1, and then we have
s(K)− s(K ′) = 8. 
Figure 2.
Remark 2.1. It is known that |σ(K)| ≤ 2g∗(K) holds for a knot K. Therefore we
have s(K) + σ(K) ≥ 0 if K is positive knot.
Next we give a lemma to estimate the signature of a knot.
Lemma 2.8 ([31, Theorem 3.2]). Let K and K ′ be knots with diagrams D and
D′ which differ only in a small neighborhood as shown in Figure 3. Let D0 be
the diagram which differ from D (and D′) in a small neighborhood as shown in
Figure 4. If D0 is a 2-component link diagram, then we have
2 ≤ σ(K ′)− σ(K) ≤ 4.
The proof of Lemma 2.8 is achieved by direct calculations of the signatures by
using the method due to Gordon and Litherland [14]. For the precise proof, see [31,
Case I of the proof of Theorem 3.2]. We note that in Lemma 2.8, if D0 is a knot
diagram, then we have 2 ≤ σ(K ′)− σ(K) ≤ 6.
Figure 3. A #-move
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Figure 4.
3. Proof of Theorem 1.1
We divide the proof of Theorem 1.1 into two propositions (Propositions 3.1 and
3.7) based on the parity of the integer p in the statement of the theorem. The two
propositions will be proved in the following two subsections respectively.
3.1. The case where p is odd. In this subsection, we prove the following.
Proposition 3.1. Let K = P (p, q, q) for odd integers p, q ≥ 3. Then K admits no
Seifert fibered surgery.
Proof. Set K = P (p, q, q) for odd integers p, q ≥ 3. By the results in [10], [18], and
[19], if K(r) is a Seifert fibered manifold for r ∈ Q, then K(r) is atoroidal and has
the infinite fundamental group, in particular, the base orbifold must be S2 having
just three exceptional fibers. This fact is also implied by [30, Corollary 1.4] since
K admits two different strong inversions. Thus it suffices to show that K(r) is not
a Seifert fibered manifold with the base orbifold S2 having just three exceptional
fibers for any r ∈ Q.
The proof is achieved by two steps as follows: First, we find a restriction on r,
and next we use Proposition 2.1 to complete the proof.
Claim 3.2. If K(r) is a Seifert fibered manifold, then r is an integer with |r| ≤ 8.
Proof. Suppose that K(r) is a Seifert fibered manifold for r ∈ Q. Then r is an
integer since K is alternating [16, Theorem 1.1]. Since K is a knot of genus one,
the exterior of K contains an essential once-punctured torus as a Seifert surface
for K. Thus, the manifold K(0) contains an essential torus, and the 0-surgery is
exceptional. Therefore we have |r| ≤ 8 [17, Theorem 1.1] (see also [25, Theorem
1.2]). 
It suffices to show that K(r) is not a Seifert fibered manifold with the base
orbifold S2 having just three exceptional fibers for r ∈ Z with |r| ≤ 8. Next we
apply Proposition 2.1 to complete the proof of Proposition 3.1. Take an axis α1
as shown in Figure 5 (left), which induces a strong inversion of K. Applying the
Montesinos trick, we obtain the link Ko = Ko(p, q, r) which is represented by the
diagram Do(p, q, r) as shown in Figure 5 (center and right). By Proposition 2.1,
it suffices to show that Ko is equivalent to neither a Montesinos link nor a Seifert
link. Note that Ko is either a knot if r is odd, or a 2-component link if r is even
(see Figure 5). In the following two claims (Claims 3.3, 3.4), we consider the case
where Ko is a 2-component link, namely the case where r is even.
Claim 3.3. If r is an even integer, then Ko is not equivalent to a Montesinos link.
Proof. Assume that r is an even integer. Suppose for a contradiction that Ko is
equivalent to a Montesinos link. We may assume that the length of Ko equals three
since K(r) has just three exceptional fibers if K(r) is Seifert fibered. Then we have
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Figure 5. The link Ko = Ko(p, q, r) is represented by the diagram Do(p, q, r).
b(Ko) ≤ 3 (see [4] for example), where b(L) denotes the bridge index of a link L.
On the other hand, Ko is a 2-component link which consists of T2,q and T2,2p+q
(see Figure 5). Since each component of Ko is non-trivial, we have b(Ko) ≥ 4. Now
we have a contradiction and complete the proof of Claim 3.3. 
Remark 3.1. In the proof of Claim 3.3, we use the bridge index to show that a
given link is non-Montesinos since Criterion 2.6 works only for knots.
Claim 3.4. If r is an even integer, then Ko is not equivalent to a Seifert link.
Proof. Assume that r is even. Then, as mentioned above, Ko is a 2-component link
which consists of T2,q and T2,2p+q. If Ko is a Seifert link, then Ko is equivalent to
a link of type (S2) or (S3) in Lemma 2.2. However Ko is not appropriate for them
since a link of type (S2) consists of parallel components and a link of type (S3)
possesses a trivial component. 
Now we may assume that r is odd with |r| ≤ 7, namely, Ko is a knot.
Claim 3.5. Ko is not equivalent to a Montesinos knot.
Proof. Since r + 2(p + q) ≥ −7 + 2(3 + 3) = 5 > 0, the diagram Do(p, q, r) is a
positive diagram, and then Ko is a positive knot (see Figure 5). Let K
′
o be the knot
obtained from Ko by applying a #-move in the broken circle depicted in Figure 5.
Here a #-move is a local operation on diagrams as shown in Figure 3. Note that
K ′o is also positive since q ≥ 3. Let D0 be the diagram obtained from Do(p, q, r)
by changing the tangle diagram in the broken circle depicted in Figure 5 to that
depicted in Figure 4. Notice that D0 is a 2-component link diagram. Then by
Lemma 2.8, we have
σ(K ′o)− σ(Ko) ≤ 4.
On the other hand, by Lemma 2.7, we have
s(Ko)− s(K
′
o) = 8.
By Remark 2.1, we have
s(K ′o) + σ(K
′
o) ≥ 0.
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Thus, we have
s(Ko) + σ(Ko) ≥ s(K
′
o) + 8 + (σ(K
′
o)− 4)
= s(K ′o) + σ(K
′
o) + 4
≥ 4.
Therefore Ko is not equivalent to a Montesinos knot by Criterion 2.6. 
Remark 3.2. The argument in the proof of Claim 3.5 possibly gives a method to
construct examples of non-Montesinos knots.
We denote by σi (i = 1, . . . , n−1) the Artin’s standard generator of the n strands
braid group Bn and by ∆
2
n (∈ Bn) the braid represented by a positive full twist on
n strands. For basic terminologies in braid theory, we refer the reader to [33], [34].
Claim 3.6. Ko is not equivalent to a torus knot.
Proof. As shown in Figure 5, Ko is the closure of a four-strand positive braid
(σ2σ3σ1σ2)
q(σ2σ
2
3σ2)
pσ2p+2q+r1 .
Then we can easily see that this braid is equivalent to a four-strand positive braid
with a full twist as follows:
(σ2σ3σ1σ2)
q(σ2σ
2
3σ2)
pσ2p+2q+r1 = σ
4
1(σ2σ3σ1σ2)
q(σ2σ
2
3σ2)
pσ2p+2q+r−41
= (σ2σ3σ1σ2)σ
4
3(σ2σ3σ1σ2)
q−1(σ2σ
2
3σ2)
pσ2p+2q+r−41
= (σ2σ3σ1σ2)σ
2
3(σ2σ3σ1σ2)
q−1σ23(σ2σ
2
3σ2)
pσ2p+2q+r−41
= σ23(σ2σ3σ1σ2)σ
2
3(σ2σ3σ1σ2)
q−1(σ2σ
2
3σ2)
pσ2p+2q+r−41
= (σ2σ3σ1σ2)σ
2
1σ
2
3(σ2σ3σ1σ2)
q−1(σ2σ
2
3σ2)
pσ2p+2q+r−41
= ∆24(σ2σ3σ1σ2)
q−2(σ2σ
2
3σ2)
pσ2p+2q+r−41
(see Figure 6). Note that q−2 ≥ 3−2 = 1 and 2p+2q+r−4 ≥ 2(3+3)−7−4 = 1.
This implies that the braid index of Ko equals four [13, Corollary 2.4]. Thus, it
suffices to show that Ko is not equivalent to a torus knot T4,x. Suppose for a
contradiction that Ko is equivalent to a torus knot T4,x. We may assume that x
is positive since Ko is a positive knot. Since K(r) is the double branched covering
space of S3 branched along Ko, we have
det(Ko) = |H1(K(r))|
(see [40, p. 213] for example). Since r is an integer, we have
|H1(K(r))| = |r|.
On the other hand, by Lemma 2.3, we have
det(T4,x) = x.
Thus, we have
x = |r|.
Here we note that −7 ≤ r ≤ 7, and thus x ≤ 7.
Next we calculate the genera of Ko and T4,x. Since Ko is a positive knot with a
positive diagram Do(p, q, r),
g(Ko) = (c(Do(p, q, r))− O(Do(p, q, r)) + 1)/2
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holds as claimed in the proof of Lemma 2.7. Then we have
g(Ko) = ((4p+ 4q + 2p+ 2q + r) − 4 + 1)/2
= 3(p+ q) + (r − 3)/2
≥ 3(3 + 3) + (−7− 3)/2 = 13.
On the other hand, since T4,x is also positive, using the standard diagram of a torus
knot, we have
g(T4,x) = 3(x− 1)/2
≤ 3(7− 1)/2 = 9.
Thus, we have a contradiction and complete the proof of Claim 3.6. 
Now we complete the proof of Proposition 3.1. 
Figure 6.
Remark 3.3. We can use the Rasmussen invariant instead of the genus in the last
step of the proof of Claim 3.6 since s(K) = 2g(K) = c(D)−O(D)+1 for a positive
knot K with a positive diagram D.
3.2. The case where p is even. In this subsection, we prove the following.
Proposition 3.7. Let K = P (2n, q, q) for an integer n ≥ 1 and an odd integer
q ≥ 3. Then K admits no Seifert fibered surgery.
The outline of the proof is similar to that of Proposition 3.1. Before we start
the proof of Proposition 3.7, we consider Seifert fibered surgeries on periodic knots.
We say a knot K in S3 has a cyclic period p if there exists an orientation preserving
homeomorphism f : S3 → S3 such that f(K) = K, fp = id (p > 1), Fix(f) 6= ∅,
and Fix(f) ∩K = ∅. By the affirmative answer to the Smith Conjecture [28], the
map f is a rotation of S3 about the unknotted circle Fix(f). So by taking the
quotient S3/f , we obtain S3 = S3/f and a new knot Kf = K/f . We call Kf the
factor knot of K with respect to the cyclic period.
By virtue of the studies on Seifert fibered surgeries on periodic knots due to
Miyazaki and Motegi [26], and also Motegi [30], we obtain the following.
Lemma 3.8 ([26]). Let K be a hyperbolic knot which has a cyclic period 2, and K ′
the factor knot of K. Suppose that K(r) is a Seifert fibered manifold with the base
orbifold S2 having just three exceptional fibers for r ∈ Z. If K ′ is equivalent to a
torus knot T2,q with q ≥ 3, then we have r = 4q ± 1.
Proof. We only show the outline of the proof. For details, see [26, Section 2]. Let f
be a periodic map inducing a cyclic period 2 on K. Suppose that K(r) is a Seifert
fibered manifold with the base orbifold S2 having just three exceptional fibers,
and let pi : K(r) → S2 be a Seifert fibration. Let f¯ : K(r) → K(r) be the natural
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extension of f , which preserves the Seifert fibration (actually, we can take f¯ as fiber
preserving [26, Lemma 2.1]), and let fˆ : S2 → S2 be a homeomorphism satisfying
fˆ ◦ pi = pi ◦ f¯ . Then fˆ is a reflection along the equator Cf = Fix(fˆ) = pi(Fix(f¯)) ⊂
S2 [26, Lemma 2.3 (1)]. Here we note that the following diagram commutes:
S3
r-surgery

/f
//
	
S3/f = S3
r/2-surgery
$$■
■
■
■
■
■
■
■
■
■
K(r)
/f¯
// K(r)/f¯ ∼= K ′(r/2)
Since the base orbifold of K(r) is S2 and K(r) has just three exceptional fibers,
the configuration of cone points is either of the following:
(i) Three cone points are lying on Cf .
(ii) One is lying on Cf , another one is in the north hemisphere, and the other
one is in the south hemisphere respectively.
ThusK(r)/f¯ is homeomorphic to either S3 if the configuration is of type (i) or a lens
space if the configuration is of type (ii). If K ′ is a torus knot T2,q with q ≥ 3, then
K ′(r/2) is not homeomorphic to S3 [29] and thus (i) is not appropriate. Therefore
two cone points in each hemispheres have the same index and K(r)/f¯ ∼= K ′(r/2)
is equivalent to a lens space. Then by the classification of Dehn surgeries on torus
knots due to Moser [29], we have r/2 = 2q±1/2. Since r ∈ Z, we have r = 4q±1. 
Now we start the proof of Proposition 3.7.
Proof of Proposition 3.7. Set K = P (2n, q, q). By the same reason as in the proof
of Proposition 3.1, it suffices to show that K(r) is not a Seifert fibered manifold
with the base orbifold S2 having just three exceptional fibers for any r ∈ Q.
To restrict Seifert fibered slopes, we apply Lemma 3.8.
Claim 3.9. If K(r) is a Seifert fibered manifold, then we have r = 4q ± 1.
Proof. Suppose that K(r) is a Seifert fibered manifold with the base orbifold S2
having just three exceptional fibers. As shown in Figure 7, K has a cyclic period
2, and the factor knot with respect to this cyclic period is equivalent to T2,q. Then
by Lemma 3.8, we have r/2 = 2q ± 1/2, that is, r = 4q ± 1. 
Figure 7. The pi-rotation (with axis perpendicular to the page)
induces a cyclic period 2.
Next we use Proposition 2.1 to complete the proof of Proposition 3.7. We assume
that r = 4q± 1. Take an axis α2 which induces a strong inversion of K as shown in
Figure 8 (left). Applying the Montesinos trick, we obtain the knot Ke = Ke(n, q, r)
which is represented by the diagram De(n, q, r) as shown in Figure 8 (center and
right). Here we note that Ke is a knot since r = 4q± 1 is an odd integer. Then by
12 K. ICHIHARA AND I. D. JONG
Proposition 2.1, it suffices to show that Ke is equivalent to neither a Montesinos
knot nor a torus knot.
Figure 8.
Claim 3.10. Ke is not equivalent to a Montesinos knot.
Proof. The diagram De(n, q, r) is a positive diagram since
r + 2(2n− q) ≥ 4q − 1 + 2(2n− q)
≥ 12− 1 + 2(2− 3)
= 9 > 0.
Thus, Ke is a positive knot. Let K
′
e be the knot obtained from Ke by applying a
#-move in the broken circle depicted in Figure 8. Note thatK ′e is also positive since
q ≥ 3. Let D0 be the diagram obtained from De(p, q, r) by changing the tangle
diagram in the broken circle depicted in Figure 8 to that depicted in Figure 4.
Notice that D0 is a 2-component link diagram. Then, by Lemma 2.8, we have
σ(K ′e)− σ(Ke) ≤ 4.
On the other hand, by Lemma 2.7, we have
s(Ke)− s(K
′
e) = 8.
By Remark 2.1, we have
s(K ′e) + σ(K
′
e) ≥ 0.
Thus, we have
s(Ke) + σ(Ke) ≥ s(K
′
e) + 8 + (σ(K
′
e)− 4)
= s(K ′e) + σ(K
′
e) + 4
≥ 4.
Therefore Ke is not equivalent to a Montesinos knot by Criterion 2.6. 
Claim 3.11. Ke is not equivalent to a torus knot.
Proof. As shown in Figure 8, Ke is the closure of a four-strand positive braid
(σ2σ3σ1σ2)
q(σ2σ
2
3σ2)
pσ
2(2n−q)+r
1 = ∆
2
4(σ2σ3σ1σ2)
q−2(σ2σ
2
3σ2)
pσ
2(2n−q)+r−4
1 .
Then the braid index of Ke equals four [13, Corollary 2.4]. Thus, it suffices to
show that Ke is not equivalent to a torus knot T4,x. Suppose for a contradiction
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that Ke is equivalent to a torus knot T4,x. We may assume that x is positive since
Ke(p, q, r) is a positive knot. Since K(r) is the double branched covering space of
S3 branched along Ke, we have
det(Ke) = |H1(K(r))|.
Since r = 4q ± 1 is a positive integer, we have
|H1(K(r))| = r = 4q ± 1.
On the other hand, by Lemma 2.3, we have
det(T4,x) = x.
Thus, we have x = r = 4q± 1. Now we calculate the genera of Ke(n, q, 4q± 1) and
of T4,4q±1 in the same way as in the proof of Claim 3.6. We have
g(Ke(n, q, 4q ± 1)) = (4q + 8n+ 4n− 2q + 4q ± 1− 4 + 1)/2
=
{
6n+ 3q − 1 if r = 4q + 1,
6n+ 3q − 2 if r = 4q − 1,
and
g(T4,r) = 3(r − 1)/2 =
{
6q if r = 4q + 1,
6q − 3 if r = 4q − 1.
Therefore we have {
6n+ 3q − 1 = 6q if r = 4q + 1,
6n+ 3q − 2 = 6q − 3 if r = 4q − 1.
That is, we have {
6n− 3q = 1 if r = 4q + 1,
6n− 3q = −1 if r = 4q − 1.
These contradict that n and q are integers, and we complete the proof of Claim 3.11.

Now we complete the proof of Proposition 3.7. 
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